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Abstract
In the field of air traffic control it is a significant challenge and
source of risk that often maximal performance load is charged
against the regions of the airspace. Another problem is the fact
that if the air traffic control is inefficient, it brings about substan-
tial excess costs, as well. The article gives a new network model
for the analysis of large air traffic networks and provides new
opportunities also in the area of control theory. It reviews the
relevant macroscopic modeling techniques and the application
of the class of positive systems.
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1 Introduction
The use of so-called air corridors has been ceased for nearly
twenty years. Currently, the air traffic is taking place on routes
and tracks. The main difference between these is that the latter
have no lateral dimension.
Modernization and restructuring of the airspace architecture
is an ongoing task. Restructuring of the airspace means, in part,
that new air routes are established for the arriving or departing
aircrafts. This is necessary when the old airspace system cannot
withstand the in the meantime heavily increased traffic.
At the same time a very important role falls on the moderniza-
tion of air traffic control systems and on the training of air traffic
controllers, as well, because of the hazards inherent in the new
system and due to the improperly trained air traffic controllers,
[1]. The major economic challenges require the use of modern
control and the development of adequate air traffic network.
Delays in an air traffic network are a major cause of extra
costs. Beside the additional costs resulting from fuel usage
caused by in-flight delays, additional costs arise from, for ex-
ample, the missed connections.
Therefore in this area many algorithms aim, at least in part, at
the minimization of the delay in air traffic control, for example
[2, 3].
Another problem is the fact that often maximal air traffic ca-
pacity is charged against the regions of the airspace. It is par-
ticularly important, therefore, to ensure the controllers control
the flights through the crowded sectors safely. For this purpose,
it is an important task of air traffic control to achieve a control
method, which ensures that the optimal control is fulfilled at the
capacity constraints, as well.
A control method with the purpose of minimizing the delay
together with capacity constraints has a particular interest in air
traffic control. (For example, the wind and weather conditions
limit the number of aircrafts that can be routed safely through
the affected areas, since the capacity constraints of the airspace
regions change in such cases.)
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2 Research of air traffic control
The control theory in question applies to systems belonging
to the class of positive systems. To this class belong, for exam-
ple, fluids moving dynamically between reservoirs in a network,
where Euler’s law of conservation of mass holds, and the basic
structure is the interconnected network itself, [4] . Such systems
include, for example, any system of reservoirs associated with
natural constraints, such as the irrigation networks [5].
These models are used to describe the multitude in different
systems, for example, in traffic systems, that manage the flow of
cars on the road, or the flow of aircrafts in the airspace and in
that the control is performed with groups of computers [6]. The
Eulerian model became popular in air traffic flow control prob-
lem applications partly because these models are suitable for
traditional linear system control planning, as well. For example,
linear quadratic control theory has been used in [7]. However,
the control defined in this way does not ensure the closed loop
system, which also has to remain positive, so additional con-
straints have to be used to provide a positive reaction. Problem
is that this control scheme is only one approach of the flow dis-
tribution rates used as control parameter. Some further methods
existing in the air traffic flow control include: Eulerian mod-
els used to define routes, for example, Le Ny, J. and Balakrish-
nan, H. (2009), [8] who gave the non-linear control technique
based on the Max Weight (maximum weight) principle, or con-
trol based on the joint aim of the controlled flights Menon, P.K.
et al, (2004) [7].
In the area of air traffic control Arneson, H. and Langbort
C. (2009) [9] describe the flow of air traffic across networks in
the case airspace sectors using positive conservative systems. In
this work the focus is on the design of static control parameters
using linear methods. The aim is to minimize the total delay
on a single destination network, while satisfying further delay
and/or capacity constraints. The flow from a network section
can re-enter to other network sectors, including itself. The final
sections of the network are the outlets or terminals. Each sec-
tion of the network must be connected to a terminal, so at least
one route must lead from each section of the network to a termi-
nal (i.e. airport). The state of section i is denoted by xi, which
represents all aircraft in this section. It is assumed that the traf-
fic flows with a constant speed in each section and the crossing
time in the sections are τi > 0. In some cases, the flow can re-
turn (recirculation can occur) to the section from which it was
started. Finally, all aircraft involved in the flow will leave the
network in a terminal section. The outflows of section i are tak-
ing place according to the control parameters {βi j}. The network
is conservative, so any flow that leaves a section should appear
in a subsequent section. The authors presented three problems
(No.1 delay minimization, No.2 delay minimization, and satis-
faction of further delay restrictions, which are specified by inte-
gral formula relative to the network status and No.3 satisfaction
of capacity constraints) that was used in control design based
on controlling static route parameters. A positive conservative
system has been applied which represented the flow through the
networks. With these techniques, the control of a small air traffic
network has been carried out.
The future work will aim at the development of the presented
tools according to the control design. This means on the one
hand the control of time-dependent control parameters, and on
the other hand, the changes of the constraints, as well. Further
work on the robust optimization can be useful in this endeavor.
Other problem may be the extension of the above and the han-
dling of various multi-criteria goals in air traffic models, for ex-
ample, the application of the relevant results of Le Ny, J. and
Balakrishnan, H., (2009) [8].
3 Macroscopic modeling and the application of the
class of positives systems
In the foregoing we have seen that dynamic systems can be
obtained by the interconnection of liquid material reservoirs in
a network, which approach is very effective in the modeling of
different land and air traffic flows, as well.
In the case of macroscopic models the traffic is treated as a
flow of a medium applying the so-called liquid or gas flow ap-
proach. Macroscopic models were studied to describe the traffic
flow using the analogy between the traffic and fluid flows as the
starting point in [10, 11, 37, 39, 42]
The continuity principle of the traffic flow is based on two
relations, one of them is Euler’s equation of continuity, which
can be expressed as the conservation law for the vehicles and
the other is the fundamental equation. The change in traffic flow
is determined as a function of some main features such as the
vehicle density, the traffic speed and the traffic flow in [43].
These models have developed from the simple linear relation-
ship described in Greenshields, B.D. (1934), to the increasingly
sophisticated and complex methods such as [12, 13]. The tradi-
tional macroscopic modeling is well suitable for network-level
analysis.
In the area of macroscopic modeling of traffic processes the
concept of the class of positive systems came up naturally.
The first definition of positive systems was given in [14]: A
positive system is a system in which the state variables are non-
negative. In the majority of the analyzed traffic processes the
original physical meaning of the states meet this requirement.
The classic literature on traffic processes sets up in the most
cases general linear system of equations, without using the pos-
itive qualities of the process. We might think that the properties
recognized in the general linear systems are also true for positive
systems without any restrictions; however, this is not the case as
described in [15]. The controllability and observability condi-
tions of positive systems cannot be clearly derived with meth-
ods known from general systems. This problem is particularly
true if a non-negative co-domain is required not only for states,
but for the actuator signal, as well. Therefore, the description
of the traffic processes as purely positive systems is not a trivial
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task from the control theory point of view. The control task in
this case means that we need to control the system from a state
to another state so that the states take non-negative values also
during the state transitions. In this subject matter the description
of the systems and controllability was given in the systematiz-
ing works of Caccetta, L. and Rumchev, V.G. (2000) [16] and
Farina, L. and Rinaldi, S. (2000)[17–20].
In the publications of Boothby, W.M. (1982)[21] and
Sachkov, Y.L. (1997) [22] the following theorem regarding A
real matrix applied in control theory can be declared: The sys-
tem is positive if and only if the A matrix is a Metzler matrix,
i.e. the elements outside the main diagonal are non-negative (the
elements in the main diagonal and may be arbitrary).
4 The creation of the new model
4.1 The most complex part of the topic – the macroscopic
modeling of land traffic
The deeper understanding of the transport processes is es-
sential for performing modern road traffic design and advanced
traffic control. The application of the traditional modeling ap-
proach raises a lot of unanswered questions and always struggles
with problems of dimensions.
The systems describing the processes of land traffic are large
stochastic dynamic systems. Obviously, a road traffic network
model is a very complex dynamic system:
• A number of geometric characteristics impose conditions.
• A number of specific control functions operate in the system.
• The parallel lanes have an effect on each other. This interac-
tion, which means to flow over to and to interfere with each
other, influences the vehicle density and vehicle speed emerg-
ing on the parallel lanes.
• The oncoming vehicles also interact with each other. This in-
teraction prevails naturally in the case of uncertain drivers, but
manifests itself mainly in the disruptions due to overtaking,
and in the interference due to the lights of oncoming vehicles
in the night.
• The defined parking lots and parking lanes beside roads are
"foreign elements" of the classic network operation, at the
same time the parked vehicles are also interacting with the
network sections, arcs, which they are directly linked to. This
relationship with time-varying intensity has such an ability
to create, for example, peak load by itself on the analyzed
network without any traffic received from a defined external
network.
• Internal automations concerning the transfer of vehicles op-
erate between the linked network elements. For example, de-
spite the green light the transfer does not take place when the
vehicle density is too high on the receiving section, or zero on
the transferring section.
• A large number of participants play a role.
• The human factor has significant influence.
• There are many external factors such as seasonal effects,
weather, road quality, road width, topography, etc.
However, the basic requirement of the applicable models is
efficiency:
• The model must take into account all the elements of the sys-
tem, which cause real impact during the operation and the
neglect of which would distort the results.
• It must be mathematically correct and valid.
• The model must be numerically fast during simulation.
• Real-time control must be achieved.
4.2 The scientific results obtained from the creation of large
road network model
A very important new structural result from the modeling
point of view is that the dynamic model of the road network
is made up of the multitude of the same elements and the co-
domain of each xi state parameter value is located in the interval
of [0,1]. Therefore, the parking lots may also be treated as gen-
eralized sections of the model and are dynamic components of
the network as the lanes, [23–25].
Another important new structural result is that, regardless of
the map-graph, a unified hyper-matrix structure can be spec-
ified for the mathematical modeling of large-scale road net-
work processes, which for a network located not necessar-
ily in a singly connected domain describes the entire sys-
tem of relations between network elements (internal-internal,
external-internal, internal-external and external-external rela-
tions), [24–26]. Péter, T. (2005), Péter, T. and Bokor, J. (2006),
Péter, T. (2007.1) and Péter, T. (2007.2).
The new description of the dynamic model of the system is
the base for the calculation and control of the system processes.
In this context, the general network model describing the inter-
nal and external network operation and the positive non-linear
differential system of equations describing the internal and ex-
ternal network processes for any domain bounded by a closed
curve is given, [28].
The general network model describing the operation of the
internal and external networks simultaneously is as follows: x˙
s˙
 =  〈L〉−1 〈P〉−1
  K11(x, s) K12(x, s)K21(x, s) K22(x, s)
  x
s

Where 〈L〉 and 〈P〉are diagonal matrices containing the length
of internal and external network sections:
〈L〉 = 〈l1, l2, ..., ln〉 , 〈P〉 = 〈p1, p2, ..., pm〉
K11, K12, K21 and K22denote the internal-internal, the
external-internal, the internal-external and the external-external
connection matrices, respectively. The physical meaning of the
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matrix elements is connection (transmission) speed. The ele-
ments in the main diagonal of K11 and K22 are 0 or non-negative.
All other elements of the matrices are 0 or positive.
x is the state parameter vector of the internal sectors,
s is the state parameter vector of the external sectors,
x˙ is the time derivative of x,
s˙ is the time derivative of s
x =

x1(t)
x2(t)
.
.
.
xn(t)

, s =

s1(t)
s2(t)
.
.
.
sm(t)

, x˙ =

x˙1(t)
x˙2(t)
.
.
.
x˙n(t)

, s˙ =

s˙1(t)
s˙2(t)
.
.
.
s˙m(t)

The positive non-linear differential equation system describ-
ing the operation of global network processes is given by the
generalization of the model in [29, 30].
The following result is important from the control point of
view: it was shown applying the method of Lyapunov func-
tions that in a domain bounded by an arbitrary closed curve
the autonomous system is asymptotically stable. In the case of
the non-autonomous system the control law using the Lyapunov
function for boundaries was defined, which gives sufficient con-
ditions for the asymptotic stability of the system and is dynam-
ically applicable in the entire domain and in the sub-domains
where a critical situation occurs, [31–33]. The control takes into
account the vehicle densities of the traffic entering and exiting
the domain, [32–35, 39–41].
4.3 Summary of the characteristics applied in the large
road network model
• In our model 0≤xi(t)≤1; (i=1,. . . ,n) normalized vehicle den-
sity is used as state parameter. The total length of the vehicles
in one stage or section is divided by the length of the stage
or section. This calculation can also be used in the case of
parking lots, so the parking lots are generalized sections of
the model, as well.
• The object of the model is a positive non-linear system. In the
network the medium flows with variable speed and according
to the defined time-dependent distribution factors denoted by
αi j(t). The medium is embodied in road vehicles. The speed
depends on the vehicle density, the maximum value of which
is limited in all sections. In addition, the speed function is in-
fluenced by weather and visibility conditions, road geometry,
quality and width.
• βi j(t) denotes the obstruction (0≤ βi j(t)<1) or facilitation (1<
βi j(t)) occurring at the transition between certain sections.
• 0≤ui j(t)≤1 switching function operation takes into account
the effect of traffic lights operating at the section transitions.
• Vehicles are exchanged between the parallel running sections
(lanes), as well as between parking lots and sections in the
network. This transfer is taken into account by the propor-
tionality function 0≤ γi j(t) or 0≤ γi j(xi(t), x j(t), t).
• Internal prohibiting automatisms operate on the network, as
well: vehicles cannot be transferred from j to i, if i is full,
xi(t)=1 ⇒ S(xi(t))=0. Vehicles also cannot be transferred
from j to i, if j is empty x j(t)=0 ⇒ E(x j(t))=0. These con-
ditions are easy to follow applying the normalized state pa-
rameters, which provide that in the model vehicles cannot be
taken from empty sections (the density does not enter into
the negative range), and also cannot be transferred to sections
where the density has already reached 1.
• The network is analyzed on a not necessarily singly connected
domain bounded by a closed curve “G”. In the external sec-
tions, which are in direct transfer relation with a network sec-
tion, the normalized traffic density 0≤si(t)≤1; (i=1,. . . ,m) is
measured.
• The traffic model is the so-called macroscopic model.
• The mathematical model is a non-linear, non-autonomous dif-
ferential equation system.
4.4 The summary of the scientific achievements of the net-
work model used in the field of air traffic modeling
In the field of air traffic control design static route parameters
are used to achieve minimized delays, for example, in [9].
The relationship between the sectors is given with a graph
with conditions, for example, for the system depicted in Fig. 1:
O1 = {1,3,4}, O2 = {2,3,4}, O3 = 0, O4=0. The speed of air-
crafts in the domain is constant.
Fig. 1. The airspace network used in the application example described with
the graph
The model is based on the following concept:
– The 0≤xi(t) state parameter represents the number of aircrafts
present in sector i.
– The traffic model is a macroscopic model.
– The object of the modeling is a linear positive conservative
system. The “medium” flows in the network with constant
speed and βi j distribution factors. The “medium” is embodied
by the aircrafts.
– The mathematical model is a linear time-invariant homoge-
neous differential equation system.
– There are some sections, on which “backflow” is assumed.
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– In the analyzed process with initial state parameters of given
values and constant flow velocity, taking into account βi j dis-
tribution factors the “medium” flows out of the network, so
all the aircrafts land at the terminals (airports) eventually.
Optimization objectives:
– The minimization of total delay, i.e. the landing of the air-
crafts should take place in the shortest time by means of the
appropriate choice of βi j control parameters.
– The minimization of total delay with further delay constraints:
e.g. fulfillment of constraints (βi j <ci j) in the case if some βi j
factors, or of the condition ∫ ∞0 xi(t)dt< γi.
– The minimization of total delay with capacity constraints, for
example x(t)≤b, ∀ t≥0.
5 Definition of the new air traffic model
It is clear that the road networks are very complex compared
to the air traffic networks. However, based on the above pre-
sented results a universal model has been determined in the case
of complex road networks, which can be reconfigured and sim-
plified suitably and is convertible into a new powerful tool for
modeling air traffic, as well. At the same time, of course, the air
traffic has specialties, which must also be taken into account.
These are the followings:
– The aircraft fills the section with clearances, so its length in
the model is much longer than in the reality. This length is
the length of the aircraft, and the sum of clearances before
and after it.
– The aircraft speed is only slightly dependent on the vehicle
density, instead, it depends on external factors occurring at
the given time, but these effects are minor. Thus, the speed
can be described as constant, together with a superimposed
time-dependent perturbation function.
– The internal automatic functions work the same way as on
road networks, thus “medium” cannot be taken from empty
sections and the application of E(x) remains. The S(x) analy-
sis remains, as well, considering, however, that aircrafts can-
not be present in a section until the density of the succeeding
section falls below 1. In this case the aircraft, i.e. the material
flow should be directed to the pair of the relevant route section
defined in the model. This means that the required number of
copies of the base graph describing the traffic must be cre-
ated in the model, and in case of congestion the transition at
connection points does not take place on the base graph, but
on a copy and at the next connection point the transition re-
turns to the base graph, if it is possible. The model, in fact,
is composed of the base graph and of the set of its copies.
This corresponds to the real world situation as the air traffic
control takes place in common practice. It occurs sometimes
that two aircrafts flying close to each other along the same
route want to travel at the same altitude. In this case, the air
traffic controller who wants to keep the required separation
offers level change primarily. If it is agreed, which is usu-
ally true, there is no need for speed restriction. If the other
flight levels or altitudes are occupied, then the crew may be
asked to maintain a certain speed. For example, if the normal
cruising speed is of Mach 0.78, the air traffic controller directs
the preceding aircraft to maintain Mach 0.78 or more and the
succeeding aircraft to maintain Mach 0.78 or less. If the air
traffic controller wants to increase the separation, he/she may
reduce or increase the speed of aircrafts, but in almost every
case by a maximum of Mach 0.02 deviation from the opti-
mum, which represents only 2.6% in speed change. The opti-
mum speed is defined principally by the aircraft type, weight
and Cost Index. The air traffic controllers are informed about
this value. About half of all flights departing from or arriving
to Budapest fly in crowded airspace (e.g. Rhein, Maastricht,
Langen, London FIR). The pilots’ experience shows that in
case of approximately 5-10% of all flights speed restrictions
requested by air traffic controllers occur en route.
– Material flow distribution and intensity function work, taking
into account the former, the same way as in the road traffic
model.
– Interferences can occur during transitions; however, their
limit must be analyzed.
– There is no traffic light signal in the traditional sense, how-
ever, that can be solved by the air traffic control in such a way
that the control is performed on a copy of the section in the
model in connection with the S (x) analysis.
6 Summary
The work presented here served as a basis for defining a new
air traffic model. We have shown that the new model developed
for complex road networks Péter, T. (2008)[28] is reconfigurable
for air traffic models, as well [36]. So there is a universal net-
work model, which is a powerful new tool not only for road
networks, but also in the field of air traffic network modeling
and has all the specialties, which must be taken into account in
case of the air traffic networks.
With the model the dynamic operation of the air traffic net-
work, specifically the basic questions of network development
and management regarding the processes in a network, existing
or under development, can be examined. We pointed out that the
use of traditional modeling approach raises many unanswered
questions and struggles always with size problems. The situa-
tion is made more difficult by the fact that the traffic network
is very complex and is characterized by different rules, geomet-
ric data, seasonality, etc. The aim of the research was to point
out that, instead of the application of the traditional map-graph
approach, the development of a new model became possible,
which leads to the theory of positive non-linear systems in the
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field of mathematics. By the help of that the solution of large
network problems and the application of new control options
can be obtained (the control principle and optimization using
the Lyapunov function is feasible). Analyses can be carried out
to check if the network complies with the criteria of sustainable
development now, or will do following the development.
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